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The theory of second-order nonlinear bulk and third-order nonlinear surface electric-field-induced optical

rectification is developed for zinc-blende 4̄3m crystal faces of arbitrary indices �hkl�. The theory is then used
to account for our experimental results for terahertz generation from GaAs high-index planes �11N�A and
�11N�B, where N=2, 3, 4, and 5. The data combined with the calculations allow us to demonstrate that a
surface field is present on both the Ga-rich and As-rich faces and to determine that the signs are opposite and
that the strengths are similar. Such conclusions are inaccessible by work restricted to low-index planes.
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I. INTRODUCTION

The generation of coherent terahertz �THz� frequency
electromagnetic radiation by optical excitation using short
pulses of near-infrared �NIR� radiation has progressed rap-
idly in the past two decades.1,2 Several mechanisms are
known that mediate the conversion of NIR to THz radiation.
The first to be widely exploited was the photoconductivity
�PC� mechanism, technologically realized by applying an ex-
ternal potential to a semiconductor surface via an appropriate
electrode structure, such as an “Auston switch,”3 strip-line
antenna,4 logarithmic-periodic antenna,5 or Ag-paint dots.6,7

The PC mechanism will not be discussed further. Turning
now to mechanisms that do not involve electrodes on the
sample, these may be separated into two main classes: tran-
sient current �TC� mechanisms and optical rectification
�OR�.8,9 The TC effects may in turn be divided into those
arising from the acceleration of charge carriers by band
bending at the semiconductor surface, called surface-field
�SF� effects,10 and those arising from different rates of diffu-
sion of the �photogenerated� electrons and holes in the ma-
terial, the photo-Dember �PD� effect.11 In many cases the TC
and OR processes occur simultaneously. TC effects tend to
saturate at high optical fluences whereas OR effects do not.12

This in some cases allows the contribution of the two mecha-
nisms to be distinguished. A practical consequence is that
OR emitters benefit more from higher pump powers than TC
emitters.12 The definitive test for distinguishing TC and OR
mechanisms, however, rests on geometrical considerations.
Rotating the crystal about its surface normal often leads to a
systematic variation in the THz emission by OR but to no
change in the THz emission by TC. We now concentrate on
OR and the role that the experimental geometry plays in
determining the amount of THz radiation emitted.

Early experiments on THz generation by OR employed
simple geometries. The simplest is transmission
geometry.13–16 The excitation laser beam strikes the crystal at
normal incidence and the generated THz field is detected in
the straight-through direction. It turns out that there is no
bulk OR in the case of �100� crystals in this geometry, but
�110� and �111� crystals give distinctive patterns of radiation
as the azimuthal angle is varied.15 A more complicated ar-
rangement is reflection geometry.11,17 An in-plane component

of the optical excitation field now leads to the generation of
THz radiation by �100� crystals. A practical complication for
many materials is that the refractive index at the pump fre-
quency, nNIR, differs from the refractive index at the emis-
sion frequency, nTHz. Hence “specular” reflection, which
means the angles of incidence and reflection are equal, will
correspond to different refraction angles for the NIR and
THz radiation. The situation is described as “quasireflec-
tion.”

The theory of second-order bulk OR has been developed
and compared with experiments for simple crystal faces,
such as �100�, �110�, �111�,15,17,18 and, recently, �112�.19

Fewer works have considered the third-order surface-field-
induced OR, but theory and data again have been presented
for �100�, �110�, �111�, and �112� faces.18,19 With some ex-
ceptions, the previous work has been concerned with the
overall pattern of the variation in THz field as the azimuthal
angle varies and has not paid close attention to, for example,
the relation of the polarization components at a particular
azimuthal angle, or the exact in-plane direction from which
the azimuthal angle is measured or the sense of the rotation.
Moreover, the coordinate systems used to represent the crys-
tal axes, the laboratory frame, and so on, have been prolifer-
ated by different authors for different geometries. Here we
present a cohesive general theory. The incidence beam may
be oriented arbitrarily with respect to the crystal surface; the
crystal surface may have arbitrary Miller indices; the detec-
tion is at an arbitrary position. Our interest is in the conclu-
sions that may be drawn from symmetry considerations
alone and not in the specific microscopic mechanisms that
depend on such factors as the materials parameters and en-
ergy and intensity of the excitation radiation and have been
the subject of previous works.20,21 Related work deals with
the reduction in symmetry provided by quantum wells.22

After presenting the general theory, we illustrate its use in
interpreting our experimental data for the orthogonally polar-
ized components of the THz emission from �112�A, �113�A,
�114�A, �115�A, �112�B, �113�B, �114�B, and �115�B faces of
GaAs in transmission geometry. The suffixes A and B denote
Ga-rich and As-rich faces, respectively. High-index planes
have been shown to have attractive electronic properties.23,24

The determination of the surface reconstructions has been
made by scanning tunneling microscopy for GaAs �111�A
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and B faces,25 the �311�A face26,27 and B face,28 among oth-
ers. We also compare THz emission from this series with
THz emission from �110�A and �110�B crystals. We are then
able to draw conclusions regarding the surface fields at the A
and B faces of GaAs. These direct and specific conclusions
are only realizable by using high-index crystals; that is, they
are not attainable using �100�, �110�, or �111� crystals.

II. THEORY

Figure 1 is provided to assist in picturing some of the
coordinate axes and angles employed in developing the
theory.

A. Excitation radiation: x�̂, y�̂, and z�̂

We assume the excitation radiation is linearly polarized.
The radiation may be propagating in any direction in space.
We use the properties of the excitation radiation to define a

coordinate system specified by unit vectors x�̂, y�̂, and z�̂.

We first define y�̂ to lie in the direction of the polarization of
the excitation radiation. Introducing E0 to represent the mag-
nitude of the electric field, the electric-field vector is then

E=E0y�̂. In alternative notations we may write E
= �Ex� ,Ey� ,Ez��= �0,E0 ,0�= �0,1 ,0�E0 or

E = �Ex�

Ey�

Ez�
� = � 0

E0

0
� = �0

1

0
�E0. �1�

We next define x�̂ to lie in the direction opposite to the
direction of propagation. �This choice proves convenient
when we later consider the excitation radiation in relation to
the surface normal of the crystal.� Finally, we use conven-

tional right-hand triads in this work, and so define z�̂ by z�̂

=x�̂�y�̂.

B. Incidence angle: ��

The excitation radiation strikes the crystal sample at an
arbitrary angle of incidence ��. The outward-directed normal

to the crystal surface will define the unit vector x�̂. For non-

normal incidence, ���0, the plane in which x�̂ and x�̂ lie
defines the plane of reflection. We then define the unit vector

z�̂ to lie perpendicular to this plane in the direction of x�̂

�x�̂. For normal incidence, ��=0, we define z�̂=z�̂. Finally

in this triad we define the unit vector y�̂ by y�̂=z�̂�x�̂. The
three unit vectors may be imagined to be fixed to the surface,

with y�̂ and z�̂ lying in the surface, respectively in the reflec-

tion plane and perpendicular to it, and x�̂ perpendicular to the
surface.

At the surface, refraction occurs according to the general-
ized Snell’s law:

nair,NIR sin �� = ncrystal,NIR sin �NIR. �2�

Here �NIR is the angle of refraction in the crystal, nair,NIR is
the refractive index of the ambient atmosphere at the pump
photon frequency, and ncrystal,NIR is the index of the crystal at
this photon frequency.

C. Polarization angle: �

In general, the polarization of the excitation radiation may
be at any orientation with respect to the crystal. We define
the polarization angle � to be the angle that the polarization

direction of the incident radiation �y�̂� makes with the x�̂-y�̂

plane. This plane is perpendicular to the crystal surface and,
in the case of non-normal incidence, is the reflection plane.
We specify the sense of � to be positive for a clockwise

rotation with respect to the direction x�̂, with �=0 corre-

sponding to z�̂ being parallel to z�̂. �For normal incidence we

have already x�̂=x�̂ and z�̂=z�̂, so y�̂=y�̂ and �=0.�
We may identify p and s components of the excitation

radiation according to the usual meaning,

�Ep

Es
� = �cos �

sin �
�E0. �3�

For normal incidence, the “reflection plane” is not de-
fined, but we will still refer to the p and s components of the
incident beam as given by Eq. �3�. So for normal incidence
Ep=E0 and Es=0.

D. Coordinate system fixed to the crystal surface:

x�̂, y�̂, and z�̂

Taking into account the angle of incidence �� and the
angle of polarization �, the electric field of the excitation

FIG. 1. �Color online� Coordinate axes and angles used. The

incident radiation propagates in the −x�̂ direction and is polarized in

the y�̂ direction. The outward-pointing normal to the crystal surface

is given by x�̂. The triple-primed axis system rotates with the crys-
tal. The angle of incidence is ��. The angle of polarization is �.
The azimuthal angle is �.
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radiation E0y�̂ in the double-primed coordinate system at-
tached to the crystal surface is

�Ex�

Ey�

Ez�
� = �+ cos �NIR + sin �NIR 0

− sin �NIR + cos �NIR 0

0 0 1
�� 0

cos �

sin �
�E0. �4�

On multiplying the matrices we may express the result as

�Ex�

Ey�

Ez�
� = � sin �NIRcos �

cos �NIRcos �

sin �
� E0 = � sin �NIR

cos �NIR

tan �
�cos �E0.

�5�

E. Azimuthal angle: �

To account for rotation of the crystal about its surface
normal, the azimuthal angle � is introduced. To facilitate the
working, we define a second coordinate system fixed to the
crystal. We denote this the triple-primed system, being the
double-primed system rotated counterclockwise about the

x�̂=x�̂ axis through an angle �. Transforming from the
double-primed to triple-primed coordinates yields

�Ex�

Ey�

Ez�
� = �1 0 0

0 + cos � − sin �

0 + sin � + cos �
��Ex�

Ey�

Ez�
�

= � sin �NIR cos �

cos � cos �NIR cos � − sin � sin �

sin � cos �NIR cos � + cos � sin �
�E0. �6�

F. Crystal axes: x̂, ŷ, and ẑ

The principal axes of the crystal define the unit vectors x̂,
ŷ, and ẑ. The surface of the crystal that the excitation radia-
tion strikes is denoted by Miller indices h, k, and l. In other
words, the vector hx̂+kŷ+ lẑ is normal to the surface. The
rotation of the crystal about the surface normal is accounted
for by the azimuthal angle, but we have so far not specified a
crystal direction from which this rotation is measured. We

make the choice that the direction previously specified by z�
̂

will lie along the projection of the crystal ẑ axis onto the
crystal surface. �This choice is not possible if the crystal ẑ
axis is normal to the surface, that is, for �00l� crystals, but
these cases may be treated as �h00� or �0k0� crystals in-
stead.� Then the transformation from the triple-primed axes
to the crystal axes is

�x̂

ŷ

ẑ� = �
h

	h2+k2+l2

−k
	h2+k2

−hl
	h2+k2+l2	h2+k2

k
	h2+k2+l2

h
	h2+k2

−kl
	h2+k2+l2	h2+k2

l
	h2+k2+l2 0 h2+k2

	h2+k2+l2	h2+k2

��x�̂

y�̂

z�̂

�
= �A11 A12 A13

A21 A22 A23

A31 0 A33
��x�̂

y�
̂

z�
̂ � = A�x�̂

y�̂

z�̂

� . �7�

The crystallographic directions corresponding to the

triple-primed axes x�̂, y�̂, and z�̂ are therefore �hkl�, �k̄h0�,
and �−hl ,−kl ,h2+k2�, respectively.

Combining Eqs. �6� and �7�, the electric field of the exci-
tation radiation in relation to the crystal axes is

�Ex

Ey

Ez
� = �B11 + B12 cos � + B13 sin �

B21 + B22 cos � + B23 sin �

B31 + B32 cos � + B33 sin �
� E0

= �B11 B12 B13

B21 B22 B23

B31 B32 B33
�� 1

cos �

sin �
�E0. �8�

The equations have been written in this way to emphasize
the dependence on the azimuthal angle �. The quantities Bij
depend on h, k, l, ��, and �, as detailed in Appendix A. For
a given crystal face and a fixed incident beam, the quantities
Bij are constants.

G. Bulk optical rectification: d14

The second-order nonlinear terms give the bulk polariza-
tion field in the crystal in terms of the electric-field compo-
nents parallel to the crystal axes. The second-order suscepti-
bility may be represented by �ijk

�2��� ;−� ,��, as in Eq. �1� of
Ref. 18. Here � is the THz frequency �or difference fre-
quency� and � is the NIR frequency �or excitation fre-
quency�. �The subscript k is conventionally used in this con-
text and should not be confused with the Miller index k.� For

the 4̄3m crystals we are considering, the only nonvanishing
bulk nonlinear susceptibility term is d14. We consider the
conditions during the experiment, such as excitation fre-
quency, to be fixed so that d14 may be regarded as a constant.
Then

�Px
bulk

Py
bulk

Pz
bulk � = 2d14�EyEz

EzEx

ExEy
� . �9�

In examining the components Ei in Eq. �8�, it will be seen
that the terms that arise in the products EiEj in Eq. �9� will
involve constants, cos �, sin �, cos � sin � �which may be
re-expressed in terms of sin 2��, and cos2 � and sin2 � �both
of which may be re-expressed in terms of cos 2��. So the
bulk polarization may be written as
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�Px
bulk

Py
bulk

Pz
bulk � = �C11 + C12 cos � + C13 sin � + C14 cos 2� + C15 sin 2�

C21 + C22 cos � + C23 sin � + C24 cos 2� + C25 sin 2�

C31 + C32 cos � + C33 sin � + C34 cos 2� + C35 sin 2�
� . �10�

Here the quantities Cij depend on the terms h, k, l, ��, �,
d14, and E0, as detailed in Appendix A. If these quantities are
fixed, which is commonly the case in experiments, the terms
Cij are constants.

H. Surface optical rectification: ��

In the presence of a surface electric field, the third-order
nonlinear terms may give rise to a polarization that is effec-
tively second order.18 The third-order susceptibility may be
represented by �ijkz

�3� �� ;−� ,� ,0�, as in Eq. �1� of Ref. 29.
The final zero corresponds to the �dc� surface field. Here we
consider a constant electric field normal to the crystal sur-

face, F=F0x�̂. For 4̄3m crystals the polarization components
are given by18,19,29

�Px
surf

Py
surf

Pz
surf � = ���Fx + 	�Ex + 
�Ex

2Fx

��Fy + 	�Ey + 
�Ey
2Fy

��Fz + 	�Ez + 
�Ez
2Fz

� . �11�

Here ��=3�zxxz�Ex
2+Ey

2+Ez
2�, 	�=6�zzxx�ExFx+EyFy +EzFz�,

and 
�=3��zzzz−�zxxz−2�zzxx�. We now consider separately
the terms involving ��, 	�, and 
�. Except in the value of ��,

the first term, ��Fi, does not involve the optical field but only
the surface field and only has a component normal to the
surface. The resulting polarization in the double-primed
frame is

�Px�
surf

Py�
surf

Pz�
surf� = �1

0

0���F0. �12�

Except in the value of 	�, the second term, 	�Ei, does not
involve the surface field but only the optical field. The asso-
ciated polarization in the double-primed frame is

�Px�
surf

Py�
surf

Pz�
surf� = � sin �NIR cos �

cos �NIR cos �

sin � �	�E0. �13�

So this term involves the incidence angle and the polariza-
tion angle but does not involve the azimuthal angle.

We now turn to the third term, 
�Ei
2Fi. Using the compo-

nents Ei in Eq. �8�, it will be seen that the terms that arise in
Ei

2 may be written in a similar form to Eq. �10�:

�Px
surf

Py
surf

Pz
surf � = �T11 + T12 cos � + T13 sin � + T14 cos 2� + T15 sin 2�

T21 + T22 cos � + T23 sin � + T24 cos 2� + T25 sin 2�

T31 + T32 cos � + T33 sin � + T34 cos 2� + T35 sin 2�
� . �14�

Here the terms Tij depend on the terms Bij, 
�, E0, and F0, as detailed in Appendix A. We consider the conditions during the
experiment to be fixed such that 
�, E0, and F0 may be regarded as constants.

I. Transforming back to the external crystal coordinate system

We now reverse the transformations to return to the external frame of reference attached to the crystal surface. Moving from
the unprimed to the triple-primed coordinates only involves linear combinations of the previous terms. We consider first the
bulk optical rectification terms:

�Px�
bulk

Py�
bulk

Pz�
bulk� = A−1�Px

bulk

Py
bulk

Pz
bulk� = �D11 + D12 cos � + D13 sin � + D14 cos 2� + D15 sin 2�

D21 + D22 cos � + D23 sin � + D24 cos 2� + D25 sin 2�

D31 + D32 cos � + D33 sin � + D34 cos 2� + D35 sin 2�� . �15�

The quantities Dij depend on h, k, l, ��, �, d14, and E0, as detailed in Appendix A.
In a similar way, we can deal with the surface optical rectification effect:
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�Px�
surf

Py�
surf

Pz�
surf� = A−1�Px

surf

Py
surf

Pz
surf� = �U11 + U12 cos � + U13 sin � + U14 cos 2� + U15 sin 2�

U21 + U22 cos � + U23 sin � + U24 cos 2� + U25 sin 2�

U31 + U32 cos � + U33 sin � + U34 cos 2� + U35 sin 2�� . �16�

The quantities Uij are expressed in detail in Appendix A.
Next, in moving from the triple-primed to the double-primed coordinates, we multiply by cos � and sin � so terms in cos 3�

and sin 3� emerge:

�Px�
bulk

Py�
bulk

Pz�
bulk� = �1 0 0

0 + cos � + sin �

0 − sin � + cos ���
Px�

bulk

Py�
bulk

Pz�
bulk� �17�

=�G11 + G12 cos � + G13 sin � + G14 cos 2� + G15 sin 2� + G16 cos 3� + G17 sin 3�

G21 + G22 cos � + G23 sin � + G24 cos 2� + G25 sin 2� + G26 cos 3� + G27 sin 3�

G31 + G32 cos � + G33 sin � + G34 cos 2� + G35 sin 2� + G36 cos 3� + G37 sin 3�
� . �18�

The quantities Gij may be expressed in terms of h, k, l, ��, �, d14, and E0, as detailed in Appendix A.
Likewise, for the surface effect,

�Px�
surf

Py�
surf

Pz�
surf� = �V11 + V12 cos � + V13 sin � + V14 cos 2� + V15 sin 2� + V16 cos 3� + V17 sin 3�

V21 + V22 cos � + V23 sin � + V24 cos 2� + V25 sin 2� + V26 cos 3� + V27 sin 3�

V31 + V32 cos � + V33 sin � + V34 cos 2� + V35 sin 2� + V36 cos 3� + V37 sin 3�� . �19�

The quantities Vij may be expressed in terms of h, k, l, ��,
�, 
�, F0, and E0, as detailed in Appendix A.

We emphasize the significance of these final two results.
They demonstrate that, regardless of the crystallographic ori-
entation, the angle of incidence or the angle of polarization,
the expressions that arise consist of linear combinations of
terms of cos n� and sin n�, up to n=3 at the most. This
observation holds for both the bulk and surface-field optical
rectification effects.

J. Detected terahertz field

We now assume that the THz field, in the far-field ap-
proximation, is directly proportional to the polarization field.
Then

�Ex�
THz

Ey�
THz

Ez�
THz� = �Px�

bulk + Px�
surf

Py�
bulk + Py�

surf

Pz�
bulk + Pz�

surf�Z0, �20�

where Z0 is a proportionality factor that will depend on ex-
perimental parameters such as the distance of the detector
from the crystal. We now introduce a coordinate system to
refer to the detector. The line running from the point that the
excitation beam strikes the crystal to the detector defines the

direction x�̂. The angle that this line makes with the z�̂ axis

will be called �. We take y�̂ to lie in the x�̂−y�̂ plane. Then,
in the detector coordinates,

�Ex�
THz

Ey�
THz

Ez�
THz� = �+ sin � cos �THz − sin � sin �THz + cos �

+ sin �THz + cos �THz 0

− cos � cos �THz − cos � sin �THz + sin � �
��Ex�

THz

Ey�
THz

Ez�
THz� . �21�

Here �THz is the angle of refraction in the crystal, related
to the angle of reflection, ��, which is measured in the same
sense as the angle of incidence, by

nair,THz sin �� = ncrystal,THz sin �THz, �22�

where nair,THz is the refractive index of the ambient atmo-
sphere at the THz photon frequency and ncrystal,THz is the
index of the crystal at this photon frequency. We use the term
“angle of reflection” for convenience in referring to ��, but
note that the detector may be placed anywhere so �� need
bear no particular relation to the angle of incidence ��. We
also reiterate that, in general, ncrystal,THz may be different to
ncrystal,NIR. Thus the circumstance of “specular reflection,”
that is, ��=��, does not imply that within the crystal
�NIR=�THz.

In typical experiments, the detector lies in the reflection
plane ��=90°� and detects either the THz signal polarized in
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that plane, Ep
THz, or in the direction perpendicular to this,

Es
THz. In this case,

�Ep
THz

Es
THz� = �Ey�

THz

Ez�
THz� = �sin �THzEx�

THz + cos �THzEy�
THz

Ez�
THz � .

�23�

III. EXPERIMENTAL METHODS

In the experiments reported here the excitation radiation
comprised sub-12-fs pulses of NIR radiation of center wave-
length 790 nm �frequency 379 THz, photon energy 1.57 eV�
from a mode-locked Ti:sapphire laser. The laser beam was
directed horizontally and was polarized horizontally to the

right when looking down the beam. In this arrangement, x�̂

points along the beam back into the laser, y�̂ points to the

right when looking down the beam, and z�̂ points up.
A transmission geometry was employed. The excitation

beam was perpendicular to the crystal face and the THz field
was detected in the straight-through direction. In this ar-
rangement, transient currents, presumed to be normal to the
crystal surface, do not contribute to the THz signal detected.

So y�
̂

�=y�̂ in this experiment� ran horizontally along the

crystal surface and z�
̂

�=z�̂ in this experiment� ran upwards
along the crystal surface. The polarization angle �=0. The
azimuthal angle is measured clockwise when facing the crys-
tal, the vertical direction corresponding to �=0. Appendix B
presents the equations of Appendix A for the specific condi-
tions of the experiments we report here: �=0, �=0, and
�hkl�= �11N�.

We now identify the crystal directions parallel to the
pump electric field as the azimuthal angle � varies. For �

=0, the pump electric field is in the direction of the y�
̂

axis,

or the �k̄h0� direction. For �=90°, the pump electric field is

in the direction of the z�
̂

axis, or the �−hl ,−kl ,h2+k2� direc-

tion; for �=180°, the �kh̄0� direction; for �=270°, the
�hl ,kl ,−�h2+k2�� direction. For �11N� crystals these direc-

tions are, respectively, �1̄10�, �N̄N̄2�, �11̄0�, and �NN2̄�.
A wire-grid polarizer was used to distinguish the p and s

components of the emitted THz radiation. The THz radiation
was detected electro-optically in free space using a 1-mm-
thick �110� ZnTe wafer in a conventional THz time-domain
spectroscopy arrangement. The THz field in the detector
crystal is proportional to differential output of a pair of pho-
todiodes which is measured in volts. So in this arrangement

�Ep
THz

Es
THz� = �Py�

bulk + Py�
surf

Pz�
bulk + Pz�

surf�Z , �24�

where Z is a conversion factor that depends on the experi-
mental arrangement but does not change throughout the ex-
periments.

IV. RESULTS AND DISCUSSION

We begin with the simple case of a GaAs �110� crystal.
For this crystal face, the theory developed in Sec. II predicts
no contribution from the surface field to the OR. Data for
both the A and B faces are given in Fig. 2. All four sets of
data in Fig. 2 �A and B faces, p and s components� are
plotted on the same THz detector ��V� axis without any
scaling. Likewise, the calculations are all plotted on the same
axis relative to Z without any scaling. So there is only a
single fitting parameter to match theory with experiment,
given in these experiments by setting Z=1 to correspond to
300 �V.

It may be seen from Fig. 2 that the data for both A and B
faces �symbols� are well accounted for by the calculation
involving bulk OR alone �full lines�. Possible differences of
the faces, for example, due to different surface reconstruc-
tions do not lead to any discernible difference in the THz
field detected.

We next consider the case of GaAs �11N�B crystal faces
with N=2, 3, 4, and 5. The THz field detected as a function
of azimuthal angle is given in Fig. 3. Several observations
may be made from the experimental data, shown by the hori-
zontally and vertically oriented lozenges. First, the
p-polarized component is dominated by a �negative� sin 3�
term and the s-polarized component is dominated by a �nega-
tive� cos 3� term in all cases. Second, more subtly, the
p-polarized components exhibit one major maximum and
two minor maxima, whereas the s-polarized components ex-
hibit two major maxima and one minor maximum. This sug-
gests an additional sin � and an additional cos � term, re-
spectively, are involved. Third, the THz field strength
decreases as the third Miller index N increases.

The experimental data in Fig. 3 will now be compared
with the calculation for THz emission due to bulk OR, which
proved to very adequately account for the �110� data as
shown in Fig. 2. In the experimental configuration employed
here, ��=�=0, h=k=1, and l=N. The equations for the
polarization components due to bulk OR, given in general
form in Appendix A, become in this specific case
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FIG. 2. �Color online� THz emission from �a� �110�A and �b�
�110�B faces of GaAs. The symbols are the experimental data and
refer the left axis. The full lines are the theory for bulk optical
rectification from a �110� face and relate to the right axis. The axis
ranges are the same for both parts �a� and �b�.
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Py�
bulk = �3�N2 − 1�sin � − 3�N2 + 1�sin 3��

d14E0
2

	2�N2 + 2�3/2 ,

�25�

Pz�
bulk = ��N2 − 1�cos � − 3�N2 + 1�cos 3��

d14E0
2

	2�N2 + 2�3/2 .

�26�

These expressions, with d14E0
2 set to 1, are plotted as

dashed lines in Fig. 3 for N=2, 3, 4, and 5. It may be seen
that the theory broadly reproduces the features of the experi-
mental observations. In Eqs. �25� and �26�, the coefficients of
sin 3� and cos 3� are the same, but the coefficient of sin � is
three times that of the coefficient of cos �, leading to a stron-
ger divergence from 3� behavior for the p-polarized radia-
tion than for the s-polarized radiation. The observation that
the THz radiated lessens as N increases may be physically
understood as the �11N� face approaching the �001� face, for
which, in the transmission geometry as employed here,
Py�

bulk= Pz�
bulk=0.

While the overall features displayed by the experimental
data �symbols� in Fig. 3 are reproduced by the bulk OR
theory �dashed lines�, better agreement may be obtained by
including in the theory a surface-field contribution to the OR.
The fact that the data in Fig. 3 are not offset from zero
indicates that the �� and 	� surface-field terms make negli-
gible contribution to the OR. These terms will not be consid-
ered further. We now present the expressions for Py� and Pz�
that result when both the surface-field and the bulk contribu-
tions to the OR are taken into account in the case of a �11N�
face in transmission geometry. These are

Py�
bulk+surf = 
3�2�N2 − 1��N2 + 2�1/2d14 − N�N2 − 1�
�F0�sin �

− �6�N2 + 1��N2 + 2�1/2d14

+ N�N2 + 5�
�F0�sin 3�� �
E0

2

2	2�N2 + 2�2
, �27�

Pz�
bulk+surf = 
�2�N2 − 1��N2 + 2�1/2d14 − N�N2 − 1�
�F0�cos �

− �6�N2 + 1��N2 + 2�1/2d14

+ N�N2 + 5�
�F0�cos 3�� �
E0

2

2	2�N2 + 2�2
. �28�

As for bulk OR in Eqs. �25� and �26�, the coefficients of
sin 3� and cos 3� are the same in Eqs. �27� and �28�, and the
coefficient of sin � is three times that of the coefficient of
cos �, leading to a stronger divergence from 3� behavior for
the p-polarized radiation than for the s-polarized radiation. It
may be noted that for N=0 all the terms in Eqs. �27� and �28�
involving the surface field F0 vanish. Thus, even if there is a
surface field at a �110�A or �110�B crystal face it will not
contribute to THz emission. This explains why the �110� data
in Fig. 2 is accounted for by the bulk OR alone. No conclu-
sion regarding the presence or not of a surface field can be
made from that data.

In comparing the calculation to the experimental data of
Fig. 3 we first set the bulk parameter to be the same as was
found for the �110� case; that is, setting d14E0

2=1 means Z
=1 in our experiments corresponds to 300 �V, as mentioned
earlier. Then we vary the surface parameter 
�F0. We find the
ratio 
�F0= �+1.9
0.2�d14 fits the data well. The full lines in
Fig. 3 are shown for 
�F0=1.9d14. We stated earlier that only
a single fitting parameter, the bulk term, was needed to fit all
four sets of experimental data for the �110� faces in Fig. 2.
Given the bulk term, only a single fitting parameter, the sur-
face term, is now needed to fit all eight sets of experimental
data �both p and s polarizations for �112�B, �113�B, �114�B,
and �115�B faces� in Fig. 3.

Finally, we turn to GaAs �11N�A crystal faces. The THz
field detected as a function of azimuthal angle for �112�A,
�113�A, �114�A, and �115�A GaAs crystals is given by the
symbols in Fig. 4. In comparing the data from the A faces
�Fig. 4� and B faces �Fig. 3�, it may be seen that the
s-polarized components are similar, with a clear �negative�
sin 3� behavior and the suggestion of an additional small
sin � term. The p-polarized components are quite different.
The dashed lines in Fig. 4 �identical to the dashed lines in
Fig. 3� give the theory for the bulk-only OR, which does not
fully account for the observations. We now adopt the same
bulk term employed in the �110� and �11N�B cases �d14E0

2

=1� and vary the surface term �
�F0�. We find the ratio

�F0= �−1.6
0.2�d14 fits the data. The calculations for

�F0=−1.6d14 are given in Fig. 4 by the full lines. In this
figure, the same ratio of 
�F0 to d14 is employed for each
panel, corresponding to the same surface field in each
sample. Variations in the spectra, such as the smoothing of
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FIG. 3. �Color online� Experimental data �symbols� for THz
emission from �11N�B faces of GaAs. The dashed lines are the
calculations for bulk optical rectification alone �with d14E0

2=1�. The
full lines are the calculations for combined bulk �d14E0

2=1� and
surface �
�F0=1.9d14� optical rectification.

GENERATION OF TERAHERTZ RADIATION BY BULK AND… PHYSICAL REVIEW B 80, 195323 �2009�

195323-7



the central “wiggle” in the p component as N increases, arise
naturally from the Eqs. �27� and �28� through the terms in-
volving N. There is no evidence from these data that F0
varies between the samples.

V. CONCLUSION

General expressions for bulk and surface contributions to
OR for planes of arbitrary orientation in zinc-blende crystals
have been developed and are set out in detail in Appendix A.
The equations are completely general with respect to the
angle of incidence and of polarization of the pump beam and
with respect to the location of the detector of the THz radia-
tion. To illustrate the utility of these general results in a spe-
cific application, the particular equations relating to �11N�
crystals are set out in Appendix B. From symmetry consid-
erations alone, it is seen that in a �110� crystal a surface field
does not contribute to THz emission in the transmission ge-
ometry. In our experiments we therefore utilize �110� GaAs
crystals to determine the contribution of GaAs bulk OR
alone without the complication of surface OR. As expected
from the theory, the emission of THz radiation from GaAs
�110�A and �110�B faces is measured to be the same. The
azimuthal-angle dependence is fitted using a single param-
eter proportional to the nonlinear optical constant d14. Using
the same experimental arrangement and the value of the bulk
parameter obtained from the �110� measurements, we then
determined the surface-field contributions to the THz emis-
sion from GaAs �11N�A and �11N�B faces. Within the set
�112�A, �113�A, �114�A, and �115�A we find the same
surface field, which may be expressed by F0A

= �−1.6
0.2�d14 /
�, where 
� is a nonlinear optical con-
stant. Within the set �112�B, �113�B, �114�B, and �115�B we
find the same surface field, F0B

= �1.9
0.2�d14 /
�. Thus the
surface fields on the Ga-rich and As-rich faces are, within
experimental error, of the same strength, but point away from
and into the surfaces, respectively. Such conclusions about
the surface fields that are not accessible by other methods.
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APPENDIX A: GENERAL CASE

m = 	h2 + k2 + l2, �A1�

n = 	h2 + k2, �A2�

s = sin �NIR cos � , �A3�

c = cos �NIR cos � , �A4�

t = sin � , �A5�

d = d14E0
2, �A6�

g = 
�F0E0
2, �A7�

A11 =
h

m
, �A8�

A12 = −
k

n
, �A9�

A13 = −
hl

mn
, �A10�

A21 =
k

m
, �A11�

A22 =
h

n
, �A12�

A23 = −
kl

mn
, �A13�

A31 =
l

m
, �A14�

A32 = 0, �A15�

A33 =
n

m
, �A16�
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2=1� and
surface �
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B11 =
hs

m
, �A17�

B12 = −
kc

n
−

hlt

mn
, �A18�

B13 = −
hlc

mn
+

kt

n
, �A19�

B21 =
ks

m
, �A20�

B22 =
hc

n
−

klt

mn
, �A21�

B23 = −
klc

mn
−

ht

n
, �A22�

B31 =
ls

m
, �A23�

B32 =
nt

m
, �A24�

B33 =
nc

m
, �A25�

C11/d =
kl

m2 �2s2 − c2 − t2� , �A26�

C12/d =
2hl

mn
sc +

2k�h2 + k2 − l2�
m2n

st , �A27�

C13/d =
2k�h2 + k2 − l2�

m2n
sc −

2hl

mn
st , �A28�

C14/d =
kl

m2 �c2 − t2� +
2h

m
ct , �A29�

C15/d =
h

m
�c2 − t2� −

2kl

m2 ct , �A30�

C21/d =
hl

m2 �2s2 − c2 − t2� , �A31�

C22/d = −
2kl

mn
sc +

2h�h2 + k2 − l2�
m2n

st , �A32�

C23/d =
2h�h2 + k2 − l2�

m2n
sc +

2kl

mn
st , �A33�

C24/d =
hl

m2 �c2 − t2� −
2k

m
ct , �A34�

C25/d = −
k

m
�c2 − t2� −

2hl

m2 ct , �A35�

C31/d =
hk

m2 �2s2 − c2 − t2� , �A36�

C32/d =
2�h2 − k2�

mn
sc −

4hkl

m2n
st , �A37�

C33/d = −
4hkl

m2n
sc −

2�h2 − k2�
mn

st , �A38�

C34/d = −
hk�h2 + k2 + 2l2�

m2n2 �c2 − t2� −
2l�h2 − k2�

mn2 ct ,

�A39�

C35/d = −
l�h2 − k2�

mn2 �c2 − t2� +
2hk�h2 + k2 + 2l2�

m2n2 ct ,

�A40�

D11/d =
3hkl

m3 �2s2 − c2 − t2� , �A41�

D12/d =
4l�h2 − k2�

m2n
sc +

4hk�h2 + k2 − 2l2�
m3n

st , �A42�

D13/d =
4hk�h2 + k2 − 2l2�

m3n
sc −

4l�h2 − k2�
m2n

st , �A43�

D14/d =
hkl�h2 + k2 − 2l2�

m3n2 �c2 − t2�

+
2�h2 − k2��h2 + k2 − l2�

m2n2 ct , �A44�

D15/d =
�h2 − k2��h2 + k2 − l2�

m2n2 �c2 − t2�

−
2hkl�h2 + k2 − 2l2�

m3n2 ct , �A45�

D21/d =
l�h2 − k2�

m2n
�2s2 − c2 − t2� , �A46�

D22/d = −
4hkl

mn2 sc +
2�h2 − k2��h2 + k2 − l2�

m2n2 st , �A47�

D23/d =
2�h2 − k2��h2 + k2 − l2�

m2n2 sc +
4hkl

mn2 st , �A48�

D24/d =
l�h2 − k2�

m2n
�c2 − t2� −

4hk

mn
ct , �A49�
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D25/d = −
2hk

mn
�c2 − t2� −

2l�h2 − k2�
m2n

ct , �A50�

D31/d =
hk�h2 + k2 − 2l2�

m3n
�2s2 − c2 − t2� , �A51�

D32/d =
2�h2 − k2��h2 + k2 − l2�

m2n2 sc −
4hkl�2h2 + 2k2 − l2�

m3n2 st ,

�A52�

D33/d = −
4hkl�2h2 + 2k2 − l2�

m3n2 sc −
2�h2 − k2��h2 + k2 − l2�

m2n2 st ,

�A53�

D34/d = −
hk�h2 + k2 + 4l2�

m3n
�c2 − t2� −

4l�h2 − k2�
m2n

ct ,

�A54�

D35/d = −
2l�h2 − k2�

m2n
�c2 − t2� +

2hk�h2 + k2 + 4l2�
m3n

ct ,

�A55�

G11/d =
3hkl

m3 �2s2 − c2 − t2� , �A56�

G12/d =
4l�h2 − k2�

m2n
sc +

4hk�h2 + k2 − 2l2�
m3n

st , �A57�

G13/d =
4hk�h2 + k2 − 2l2�

m3n
sc −

4l�h2 − k2�
m2n

st , �A58�

G14/d =
hkl�h2 + k2 − 2l2�

m3n2 �c2 − t2�

+
2�h2 − k2��h2 + k2 − l2�

m2n2 ct , �A59�

G15/d =
�h2 − k2��h2 + k2 − l2�

m2n2 �c2 − t2�

−
2hkl�h2 + k2 − 2l2�

m3n2 ct , �A60�

G16/d = 0, �A61�

G17/d = 0, �A62�

G21/d = −
6hkl

m3 sc , �A63�

G22/d =
l�h2 − k2�

2m2n
�4s2 − 3c2 − t2� −

hk�h2 + k2 − 2l2�
m3n

ct ,

�A64�

G23/d =
hk�h2 + k2 − 2l2�

2m3n
�4s2 − 3c2 − t2� +

l�h2 − k2�
m2n

ct ,

�A65�

G24/d =
2hkl�h2 + k2 − 2l2�

m3n2 sc +
2�h2 − k2��h2 + k2 − l2�

m2n2 st ,

�A66�

G25/d =
2�h2 − k2��h2 + k2 − l2�

m2n2 sc −
2hkl�h2 + k2 − 2l2�

m3n2 st ,

�A67�

G26/d =
3l�h2 − k2�

2m2n
�c2 − t2� −

3hk�h2 + k2 + 2l2�
m3n

ct ,

�A68�

G27/d = −
3hk�h2 + k2 + 2l2�

2m3n
�c2 − t2� −

3l�h2 − k2�
m2n

ct ,

�A69�

G31/d = −
6hkl

m3 st , �A70�

G32/d =
hk�h2 + k2 − 2l2�

2m3n
�4s2 − c2 − 3t2� −

l�h2 − k2�
m2n

ct ,

�A71�

G33/d = −
l�h2 − k2�

2m2n
�4s2 − c2 − 3t2� −

hk�h2 + k2 − 2l2�
m3n

ct ,

�A72�

G34/d =
2�h2 − k2��h2 + k2 − l2�

m2n2 sc −
2hkl�h2 + k2 − 2l2�

m3n2 st ,

�A73�

G35/d = −
2hkl�h2 + k2 − 2l2�

m3n2 sc −
2�h2 − k2��h2 + k2 − l2�

m2n2 st ,

�A74�

G36/d = −
3hk�h2 + k2 + 2l2�

2m3n
�c2 − t2� −

3l�h2 − k2�
m2n

ct ,

�A75�

G37/d = −
3l�h2 − k2�

2m2n
�c2 − t2� +

3hk�h2 + k2 + 2l2�
m3n

ct ,

�A76�

T11/g =
h3

m3s2 +
h�k2 + l2�

2m3 �c2 + t2� , �A77�
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T12/g = −
2h2k

m2n
sc −

2h3l

m3n
st , �A78�

T13/g = −
2h3l

m3n
sc +

2h2k

m2n
st , �A79�

T14/g =
h�h2k2 + k4 + k2l2 − h2l2�

2m3n2 �c2 − t2� +
2h2kl

m2n2 ct ,

�A80�

T15/g =
h2kl

m2n2 �c2 − t2� −
h�h2k2 + k4 + k2l2 − h2l2�

m3n2 ct ,

�A81�

T21/g =
k3

m3s2 +
k�h2 + l2�

2m3 �c2 + t2� , �A82�

T22/g =
2hk2

m2n
sc −

2k3l

m3n
st , �A83�

T23/g = −
2k3l

m3n
sc −

2hk2

m2n
st , �A84�

T24/g =
k�h4 + h2k2 + h2l2 − k2l2�

2m3n2 �c2 − t2� −
2hk2l

m2n2 ct ,

�A85�

T25/g = −
hk2l

m2n2 �c2 − t2� −
k�h4 + h2k2 + h2l2 − k2l2�

m3n2 ct ,

�A86�

T31/g =
l3

m3s2 +
l�h2 + k2�

2m3 �c2 + t2� , �A87�

T32/g =
2l2n

m3 st , �A88�

T33/g =
2l2n

m3 sc , �A89�

T34/g = −
�h2 + k2�l

2m3 �c2 − t2� , �A90�

T35/g =
l�h2 + k2�

m3 ct , �A91�

U11/g =
�h4 + k4 + l4�

m4 s2 +
�h2k2 + h2l2 + k2l2�

m4 �c2 + t2� ,

�A92�

U12/g = −
2hk�h2 − k2�

m3n
sc +

2l�h2l2 + k2l2 − h4 − k4�
m4n

st ,

�A93�

U13/g =
2l�h2l2 + k2l2 − h4 − k4�

m4n
sc +

2hk�h2 − k2�
m3n

st ,

�A94�

U14/g =
�h4k2 + h2k4 − h4l2 − k4l2�

m4n2 �c2 − t2� +
2hkl�h2 − k2�

m3n2 ct ,

�A95�

U15/g =
hkl�h2 − k2�

m3n2 �c2 − t2� −
2�h4k2 + h2k4 − h4l2 − k4l2�

m4n2 ct ,

�A96�

U21/g = −
hk�h2 − k2�

2m3n
�2s2 − c2 − t2� , �A97�

U22/g =
4h2k2

m2n2 sc +
2hkl�h2 − k2�

m3n2 st , �A98�

U23/g =
2hkl�h2 − k2�

m3n2 sc −
4h2k2

m2n2 st , �A99�

U24/g =
hk�h2 − k2��h2 + k2 + 2l2�

2m3n3 �c2 − t2� −
4h2k2l

m2n3 ct ,

�A100�

U25/g = −
2h2k2l

m2n3 �c2 − t2� −
hk�h2 − k2��h2 + k2 + 2l2�

m3n3 ct ,

�A101�

U31/g =
l�h2l2 + k2l2 − h4 − k4�

2m4n
�2s2 − c2 − t2� ,

�A102�

U32/g =
2hkl�h2 − k2�

m3n2 sc +
4l2�h4 + h2k2 + k4�

m4n2 st ,

�A103�

U33/g =
4l2�h4 + h2k2 + k4�

m4n2 sc −
2hkl

m3n2 �h2 − k2�st ,

�A104�

U34/g =
l�h4l2 + k4l2 − 5h4k2 − 5h2k4 − 2h2k2l2 − h6 − k6�

2m4n3 �c2

− t2� −
2hkl2�h2 − k2�

m3n3 ct , �A105�
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U35/g = −
hkl2�h2 − k2�

m3n3 �c2 − t2�

−
l�h4l2 + k4l2 − 5h4k2 − 5h2k4 − 2h2k2l2 − h6 − k6�

m4n3 ct ,

�A106�

V11/g =
�h4 + k4 + l4�

m4 s2 +
�h2k2 + h2l2 + k2l2�

m4 �c2 + t2� ,

�A107�

V12/g = −
2hk�h2 − k2�

m3n
sc +

2l�h2l2 + k2l2 − h4 − k4�
m4n

st ,

�A108�

V13/g =
2l�h2l2 + k2l2 − h4 − k4�

m4n
sc +

2hk�h2 − k2�
m3n

st ,

�A109�

V14/g =
�h4k2 + h2k4 − h4l2 − k4l2�

m4n2 �c2 − t2� +
2hkl�h2 − k2�

m3n2 ct ,

�A110�

V15/g =
hkl�h2 − k2�

m3n2 �c2 − t2� −
2�h4k2 + h2k4 − h4l2 − k4l2�

m4n2 ct ,

�A111�

V16/g = 0, �A112�

V17/g = 0, �A113�

V21/g =
2�h2k2 + h2l2 + k2l2�

m4 sc , �A114�

V22/g = −
hk�h2 − k2�

4m3n
�4s2 − 3c2 − t2�

−
l�h2l2 + k2l2 − h4 − k4�

2m4n
ct , �A115�

V23/g =
l�h2l2 + k2l2 − h4 − k4�

4m4n
�4s2 − 3c2 − t2�

−
hk�h2 − k2�

2m3n
ct , �A116�

V24/g =
2�h4k2 + h2k4 − h4l2 − k4l2�

m4n2 sc +
2hkl�h2 − k2�

m3n2 st ,

�A117�

V25/g =
2hkl�h2 − k2�

m3n2 sc −
2�h4k2 + h2k4 − h4l2 − k4l2�

m4n2 st ,

�A118�

V26/g =
hk�h2 − k2��h2 + k2 + 4l2�

4m3n3 �c2 − t2�

+
l�− 9h4k2 + h4l2 − 9h2k4 + k4l2 − 6h2k2l2 − h6 − k6�

2m4n3 ct ,

�A119�

V27/g =
l�− 9h4k2 + h4l2 − 9h2k4 + k4l2 − 6h2k2l2 − h6 − k6�

4m4n3 �c2

− t2� −
hk�h2 − k2��h2 + k2 + 4l2�

2m3n3 ct , �A120�

V31/g =
2�h2k2 + h2l2 + k2l2�

m4 st , �A121�

V32/g =
l�h2l2 + k2l2 − h4 − k4�

4m4n
�4s2 − c2 − 3t2�

+
hk�h2 − k2�

2m3n
ct , �A122�

V33/g =
hk�h2 − k2�

4m3n
�4s2 − c2 − 3t2�

−
l�h2l2 + k2l2 − h4 − k4�

2m4n
ct , �A123�

V34/g =
2hkl�h2 − k2�

m3n2 sc −
2�h4k2 + h2k4 − h4l2 − k4l2�

m4n2 st ,

�A124�

V35/g = −
2�h4k2 + h2k4 − h4l2 − k4l2�

m4n2 sc −
2hkl�h2 − k2�

m3n2 st ,

�A125�

V36/g =
l�− 9h4k2 + h4l2 − 9h2k4 + k4l2 − 6h2k2l2 − h6 − k6�

4m4n3 �c2

− t2� −
hk�h2 − k2��h2 + k2 + 4l2�

2m3n3 ct , �A126�

V37/g = −
hk�h2 − k2��h2 + k2 + 4l2�

4m3n3 �c2 − t2�

−
l�− 9h4k2 + h4l2 − 9h2k4 + k4l2 − 6h2k2l2 − h6 − k6�

2m4n3 ct .

�A127�

APPENDIX B: SPECIFIC CASE OF TRANSMISSION
GEOMETRY AND (11N) crystal face

The equations in Appendix A are now given for the spe-
cific case of normal incidence for a �11N� crystal face: h
=k=1, l=N, and �NIR=�=0:
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m = 	2 + N2, �B1�

n = 	2, �B2�

s = 0, �B3�

c = 1, �B4�

t = 0, �B5�

d = d14E0
2, �B6�

g = 
�F0E0
2, �B7�

A11 =
1

	2 + N2
, �B8�

A12 = −
1
	2

, �B9�

A13 = −
N

	2 + N2	2
, �B10�

A21 =
1

	2 + N2
, �B11�

A22 =
1
	2

, �B12�

A23 = −
N

	2 + N2	2
, �B13�

A31 =
N

	2 + N2
, �B14�

A32 = 0, �B15�

A33 =
	2

	2 + N2
, �B16�

B11 = 0, �B17�

B12 = −
1
	2

, �B18�

B13 = −
N

	2 + N2	2
, �B19�

B21 = 0, �B20�

B22 =
1
	2

, �B21�

B23 = −
N

	2 + N2	2
, �B22�

B31 = 0, �B23�

B32 = 0, �B24�

B33 =
	2

	2 + N2
, �B25�

C11/d = −
N

2 + N2 , �B26�

C12/d = 0, �B27�

C13/d = 0, �B28�

C14/d =
N

2 + N2 , �B29�

C15/d =
1

	2 + N2
, �B30�

C21/d = −
N

2 + N2 , �B31�

C22/d = 0, �B32�

C23/d = 0, �B33�

C24/d =
N

2 + N2 , �B34�

C25/d = −
1

	2 + N2
, �B35�

C31/d = −
1

2 + N2 , �B36�

C32/d = 0, �B37�

C33/d = 0, �B38�

C34/d = −
1 + N2

2 + N2 , �B39�

C35/d = 0, �B40�

D11/d = −
3N

�2 + N2�3/2 , �B41�

D12/d = 0, �B42�
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D13/d = 0, �B43�

D14/d =
N�1 − N2�
�2 + N2�3/2 , �B44�

D15/d = 0, �B45�

D21/d = 0, �B46�

D22/d = 0, �B47�

D23/d = 0, �B48�

D24/d = 0, �B49�

D25/d = −
2

	2 + N2	2
, �B50�

D31/d = −
�2 − 2N2�

�2 + N2�3/2	2
, �B51�

D32/d = 0, �B52�

D33/d = 0, �B53�

D34/d = −
�2 + 4N2�

�2 + N2�3/2	2
, �B54�

D35/d = 0, �B55�

G11/d = −
3N

�2 + N2�3/2 , �B56�

G12/d = 0, �B57�

G13/d = 0, �B58�

G14/d =
N�1 − N2�
�2 + N2�3/2 , �B59�

G15/d = 0, �B60�

G16/d = 0, �B61�

G17/d = 0, �B62�

G21/d = 0, �B63�

G22/d = 0, �B64�

G23/d = −
3�1 − N2�

�2 + N2�3/2	2
, �B65�

G24/d = 0, �B66�

G25/d = 0, �B67�

G26/d = 0, �B68�

G27/d = −
3�1 + N2�

�2 + N2�3/2	2
, �B69�

G31/d = 0, �B70�

G32/d = −
�1 − N2�

�2 + N2�3/2	2
, �B71�

G33/d = 0, �B72�

G34/d = 0, �B73�

G35/d = 0, �B74�

G36/d = −
3�1 + N2�

�2 + N2�3/2	2
, �B75�

G37/d = 0, �B76�

T11/g =
1 + N2

2�2 + N2�3/2 , �B77�

T12/g = 0, �B78�

T13/g = 0, �B79�

T14/g =
1

2�2 + N2�3/2 , �B80�

T15/g =
N

2�2 + N2�
, �B81�

T21/g =
1 + N2

2�2 + N2�3/2 , �B82�

T22/g = 0, �B83�

T23/g = 0, �B84�

T24/g =
1

2�2 + N2�3/2 , �B85�

T25/g = −
N

2�2 + N2�
, �B86�

T31/g =
N

�2 + N2�3/2 , �B87�

T32/g = 0, �B88�
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T33/g = 0, �B89�

T34/g = −
N

�2 + N2�3/2 , �B90�

T35/g = 0, �B91�

U11/g =
1 + 2N2

�2 + N2�2 , �B92�

U12/g = 0, �B93�

U13/g = 0, �B94�

U14/g =
1 − N2

�2 + N2�2 , �B95�

U15/g = 0, �B96�

U21/g = 0, �B97�

U22/g = 0, �B98�

U23/g = 0, �B99�

U24/g = 0, �B100�

U25/g = −
N

�2 + N2�	2
, �B101�

U31/g =
N�1 − N2�

�2 + N2�2	2
, �B102�

U32/g = 0, �B103�

U33/g = 0, �B104�

U34/g =
− 3N

�2 + N2�2	2
, �B105�

U35/g = 0, �B106�

V11/g =
1 + 2N2

�2 + N2�2 , �B107�

V12/g = 0, �B108�

V13/g = 0, �B109�

V14/g =
1 − N2

�2 + N2�2 , �B110�

V15/g = 0, �B111�

V16/g = 0, �B112�

V17/g = 0, �B113�

V21/g = 0, �B114�

V22/g = 0, �B115�

V23/g =
3N�1 − N2�

2	2�2 + N2�2
, �B116�

V24/g = 0, �B117�

V25/g = 0, �B118�

V26/g = 0, �B119�

V27/g =
− N�5 + N2�

2	2�2 + N2�2
, �B120�

V31/g = 0, �B121�

V32/g =
N�1 − N2�

2	2�2 + N2�2
, �B122�

V33/g = 0, �B123�

V34/g = 0, �B124�

V35/g = 0, �B125�

V36/g =
− N�5 + N2�

2	2�2 + N2�2
, �B126�

V37/g = 0. �B127�
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